Abstract. The Quantum Mechanics of a point particle on a Noncommutative Plane in a magnetic field is implemented in the present work as a deformation of the algebra which defines the Landau levels. I show how to define, in this deformed Quantum Mechanics, the physical observables, like the density correlation functions and Green function, on the completely filled ground level. Also it will be shown that the deformation changes the effective magnetic field which acts on the particles at long range, leading to an incompressible fluid with fractional filling of Laughlin type.
Introduction
The aim of the present paper is to analyse, in physical terms, what the introduction of the noncommutativity in a geometry can imply on a physical system, and to study the resulting theory in order to see whether it can describe physical objects as well. Following Nair and Polychronakos (see [5] ), we consider the Noncommutative Plane in presence of a constant magnetic field, leading to Noncommutative Landau levels. The techniques employed are as close as it is possible to those of standard Quantum Mechanics computations. In section 2 we will briefly review some standard facts regarding the quantum mechanics of charged particles on a plane in the presence of a constant magnetic field, in particular some properties of the Landau levels, second quantization, and the role of W ∞ algebra in the study of incompressibility of the fluid of electrons in the lowest Landau level. In section 3 we will generalise the geometry of the plane by rescaling the flux of the magnetic field B through a unit area element. We will show in detail that this deformation, modifying the magnetic translations, affects the geometry as well, rendering it noncommutative in a very natural way. Then we will show the procedure to define and compute the correlation functions of the density on the incompressible ground state. The one and two points correlation functions will be computed, and the first physical consequences of noncommutativity will be shown. The short distance and long distance behaviours of the fluid will be taken into consideration, the former being related with the delocalization induced by noncommutativity, and the latter giving information about the filling fraction of the fluid itself. In section 4 we will propose a definition for the Green function in this framework, and compute it in the simplest case. We observe that the results in the sections 3 and 4 are new, as far as we know. The present paper originated within the bounds of the study of Quantum Hall effect, keeping in mind Susskind's proposal [8] : yet it belongs to the more general context of Quantum Mechanics (e.g. see [5] ). Hence the aim of the paper is two-fold: by one hand to discuss in some detail the physics of noncommutativity, and by the other hand to find and test a useful set of tools to describe the degrees of freedom of the fluid of two-dimensional electrons.
Landau levels
I will start recalling the Quantum Mechanics of planar particles in a magnetic field, including a discussion about the so called W ∞ -algebra which is important to describe incompressibility.
The one body problem
The hamiltonian for an electron in a uniform constant magnetic field may be written as
whereas the potential in the symmetric gauge is
It is also customary to use magnetic units, defined by:
The quantity magnetic length ℓ is the scale of the problem introduced by the presence of the magnetic field. The hamiltonian may be written in a harmonic oscillator form, introducing the ladder operators ‡
They satisfy the usual commutation relation
So the hamiltonian takes the form
There is another conserved quantity, the angular momentum, which is conserved due to the rotational invariance. To write it, we introduce two more ladder operators, commuting with theâ'ŝ
They satisfy the equation
These operators are the generators of the group of magnetic translations, whose elements are translations plus gauge transformations compensating for the variation of A under the translation itself [1, 2] . In ordinary units the commutator of b operators (6) would be
The angular momentum can be written as
We see that [H, J] = 0 so that a base for the Hilbert space is given in term of simultaneous eigenstates of both the operators, in this form
The states ψ mn are normalised by
The basic wave-function ψ 0 (z,z) = z,z | ψ 0 is the gaussian
Each energy level (Landau levels) is infinitely degenerate. The wavefunctions of the states in the level n = 0 (the lowest Landau level), are
These are the wave functions of particles localised in a "fuzzy" annulus, because the probability distribution is angle-independent and peaked at |z| 2 = m. So the lowest level is made up by concentric layers. In the higher Landau levels, the wave functions present, besides the power factor, a generalised Laguerre polynomial factor.
We may count the states in each Landau level, in a disc of radius R, their number being
2 B the magnetic flux through the disc and Φ 0 = πℓ 2 B the quantum of magnetic flux. So we may say that in each Landau level there is one state for each flux quantum through the disc.
W ∞ algebra
By using the fact that the generators of magnetic translationb,b † commute with the hamiltonian H, we can construct infinite conserved quantities [4] 
We may ask now which Nöther symmetry they generate. Their algebra is (here and in the following m k .
which, up to higher quantum corrections (we restore for a moment ℏ), reads (see [4] )
This is known to be the algebra of (classical) area preserving diffeomorphisms, or w ∞ . The algebra defined by (12), like all the quantum generalisations of (13), is called W ∞ algebra.
Second quantization
We can give now a physical interpretation of the generators of W ∞ algebra (see [4] and refs. therein) by using second quantization. Namely, given the wavefunctions (8) 
Notice that the different Landau levels labelled by the number of a † .s in the state are not connected by the L st operators. Each term of the sum (14) simply shuffles the particles within the same (n-th) level, varying their angular momentum l by l −→ l + s − t. § Operators acting on Fock space will be marked by a check above them to distinguish them from first quantized operators, that are marked by a hat, following tradition.
Let us now look to the lowest Landau level (n = 0), and to the action of L st on the ground state. The latter is the state with the minimum angular moment, which is simply, for N particles
Applying a generator of W ∞ to |Ω , we notice immediately that it vanishes identically if s < t, while it reduces to a number in the case s = t
So the only nontrivial case is when s > t, in which case its effect on the ground state is that of increasing the angular momentum of the ground state |Ω by shifting electrons from inside the Fermi sphere to more external orbitals. So the incompressibility of the ground state is simply due to the fact it is the state with minimum angular momentum, and can be written by the highest weight-like conditions ( [4] )
We stress here that the commutation relations close within the set of L st with s < t. So the whole Lie sub-algebra generated by {L st } s<t annihilates the ground state. In the next section it will be shown that incompressibility is not spoilt by the introduction of noncommutativity.
Deformed Landau levels
We start from the works [5] about quantum mechanics on noncommutative plane, and introduce effects of a noncommutative geometry. The procedure here will be slightly different by that of references [5] , in that we will generalise the algebra of the ladder operatorsâ,â † andb,b † , and impose some conditions on the quantum coordinate operators. We will find soon that in this process the plane becomes noncommutative. Also we will be able to compute second quantized physical quantities for the incompressible fluid, which was not in the scope of [5] . The generalised algebra is
We want to keep the interpretation of this algebra as that of the quantum mechanics on a plane thread by the magnetic field; therefore we take theâ,â † operators as the kinematic momenta with which the Hamilton operator is built up, and theb,b † as the magnetic translations on the plane. The deformation of the commutator [b,b † ] implies that the flux of the magnetic field B through an unit area is rescaled by β. So we have
We still have an Hilbert space built starting from a vacuum |ψ 0 , by the application of bothâ and b. We use the same notation we employed before in the "ordinary" case, see (8) .
We can fix the form of the coordinate operators in terms of theâ's andb's by considering what the commutation relations of the latter withẑ,ẑ must be. We have the requirements
just as in the ordinary case, and
because of the transformation rules of the coordinates under magnetic translations. These relations fix the coordinatesẑ,ẑ to be
These conditions respect the structure of Bargmann space of analytic functions for the lowest Landau level.
In order to keep the rotation invariance in our problem, we must fix the form of the angular momentum, J, such that it both commutes H, and transforms the coordinates in the natural (vector) fashion, i.e.
With this properties, J is found to be
Of course the normalised eigenvectors of H and J are modified in the following way
As a consequence, the generators (11) of W ∞ are generalized to be
From the (18) the noncommutativity relation of the coordinates can be computed to be
Of course when β = 1 the original commutative theory is recovered. When β = 1, these coordinates do not have a straightforward meaning, because they are not c-numbers: let us discuss this point in more detail. In the study the quantum mechanics of a point charge in ordinary Landau levels, usually what one does is to pick up a pair of functions from A = C r≥0 (R 2 ) (since we are on a plane), and identify any value of the pair of coordinates, with a point on the plane. In the quantum theory, there exists the position operator, and each point of the plane corresponds to a vector in an orthonormal complete set {|z,z } of eigenstates of position operator. In the more abstract algebraic framework (e.g. see [7] ), a point on a space is basically an equivalence class of irreducible representations of the algebra A of (C r≥0 ) functions on that space. From the same point of view of the above lines, each one of these equivalence classes is labelled by the eigenvalues of the coordinate operator, which are just c-numbers. The operators (18), do not form a complete system of operators, because they cannot be simultaneously diagonalised, and do not lead to pairs of coordinates. Hence, from the coordinates, one obtains a less detailed information on the configuration of the system.
The Weyl transform
A well-known method to deal with quantities depending on noncommutative coordinates is to consider Wigner functions. In this subsection we will see definitions which are customary in the study of noncommutative plane. Basically we want to study the matrix element ¶
between two one-particle states of the lowest Landau level; here o o · · · o o means we are taking the symmetric (Weyl) ordering, that avoids ambiguities in the definition of the above equation. Another reason is the following. Let us introduce now the Weyl transform which maps functions to operators. Take the algebra of functions on the plane, and take the algebra (noncommutative plane) A θ generated by the operatorsx i satisfying
This relation is used as a starting point in many papers about Quantum Field Theory on noncommutative spaces. In the present paper we have instead the relation (21), which is a consequence of the deformation (17) and of the conditions we imposed on the coordinate operators ¶ The fact that the we compute lowest Landau level matrix elements is due to the ground state we will study in the following. It does not imply any projection of the operators: the only source of noncommutativity is the algebraic deformation.
in the previous subsection. We can associate to each function f :
This is a "noncommutative generalisation" of the Dirac δ relation
so that we can write, using complex coordinates + :
This formula gives a precise meaning to the idea of "substituting" an operator for a coordinate in an ordinary function; indeed it allows us to write each operator of A θ in an unambiguous form. Moreover the equation (22) does automatically the job of ordering operator monomials in the most symmetric way. As is also well-known, the product of two operators is expressed by the Weyl transform in terms of the Moyal product. By plugging in the definition of the Weyl operators, and using the Campbell-Baker-Hausdorff formula, we find
where the Moyal product ⋆ is
Every operatorial ordering of (23) defines a different quantization of the algebra of regular functions on the plane, but all of these quantizations are equivalent. Thus, we are free to chose the symmetric ordering, being the most natural one. The expression of the matrix element is:
Here we used the fact that in the lowest Landau level theâ operator vanishes,âψ l,0 = 0. Now the computation leads for the matrix elements
where m l . = min {m, l}. Notice that this is just a polynomial in x and y times the overall exponential. Now we can put it back into (25) and take the Fourier transform obtaining
The above formula allow us to write any expectation value of the form ψ l,0 | U [f ] ψ m,0 as an integral on a "quasi-classical phase space" {(q, p)}
+ We can observe that introducing this kind of Dirac δ-functions in an operatorial expression is equivalent to use the collective coordinates as in [9] Considering the expression (10), we can rescale the integral and recognise it as the matrix element between the wavefunctions of appropriate states in the lowest Landau level for β = 1 so that we can write
wheref (ζ,ζ)
We see that (28) has been rewritten as a linear combination of the analogous matrix elements for β = 1 involving all and only the states with lower angular momentum (ψ l ′ ,0 with l ′ ≤ m l). Notice that the algebraic deformation (17) does not reduce to a simple rescaling of the coordinates of β = 1. The introduction of noncommutativity has instead deeper physical consequences, which require the study of some correlation functions. This will be done in the following. Eqn. (29) also implies that the deformation of the algebra considered here, does not violate the incompressibility defined in terms of W ∞ algebra (see section (2.2)): the matrix elements of any observables are indeed written in terms of β = 1 matrix elements between states of equal or lower angular momentum. Since the deformed (rescaled) W ∞ generators (20) obey the same algebra (12) for each β, the "noncommutative" fluid described by (15) we are going to study is still incompressible in the ordinary sense (see [4] ).
Density and its correlation functions
Now we come back for a moment to the β = 1 situation, i.e. to the commutative case, for the theory projected to the first Landau level. In this context, one has the wavefunctions (10), and the ground state of the incompressible fluid of N + 1 electrons is still given by (15). Now we want to evaluate the expectation value of the density operator ρ of the field φ on this fundamental state |Ω . The density iš
For its expectation value one finds
This can be written as
For β = 1, we repeat the previous steps, obtaining the following relation
where η is a complex number which represents the point where we computed the density in the β = 1 framework of above. Notice that in the above formula the Weyl transform of ρ is consistent with its definition in (22), even if ρ is an operator on Fock space. The definition (22) indeed is trivially extended to act on functions of
i.e. complex functions on the plane, tensored with the space of the operators on Fock space, since the coordinate operators act as a multiplication on states of the Fock space of the electrons. We can apply now our formula (28) to get the result after some manipulation
where U(a, c, z) is the Tricomi function (hypergeometric confluent of the second kind, see [10] ). We can now put the complex coordinates of any point in the place of η andη, so that we can see that the expectation value of the density on the lowest Landau level is rotational invariant. We can plot it for various values of β and at fixed N (see figure 1) .
When one varies the number of particles, we expect that the droplet expands without changing its plateaux density. We can see this to happen when β = The exact expression of the density in η = 0 is actually
Yet, one can find this number in a simpler way. Take the square radius operatorR
the area of the droplet represented by |Ω is estimated by the expectation value ofR 2 on a Landau state in the lowest energy level
and so the (average) density is estimated to bē
We deduce that at large scale, in collective coordinates space (see footnote at page 6) the fluid |Ω is an incompressible fluid with filling factor rescaled by β (see e.g. [3] ). From the second of the (17) we see that the flux of the magnetic field B through a surface of unit area is rescaled by the same factor of β, because of the noncommutativity. Notice that β is a tunable parameter, hence the density of this fluid can mimic the fractional filling of the ordinary Landau levels. This is, of course, only a statement regarding long distances physics, since such is the very definition of filling fraction. To go any further on the applicative side of the model, one should study the short distance physics as well. To get this done, one needs to study other correlation functions. This will be pursued in the next section.
The correlation function ρ(x)ρ(y)
We turn back for a moment to β = 1, in order to show the form of the density-density correlation function on the incompressible ground state Ω|ρ(z 1 )ρ(z 2 )|Ω . We will work out a form which holds also for β = 1, and now try to compute the correlation function ρ(x)ρ(y) Ω . A straightforward computation leads, in the same way as before, to the result
This last expression is valid also for β = 1. Operating on it, one can see that the last two terms are both real, and moreover they are both invariants under simultaneous rotations of z 1 and z 2 on the complex plane
We can considerably simplify the formula for the correlation function by computing it for z 1 = 0 and with z 2 on the real line η = z 2 =z 2 , away from the origin η = 0. Using the (27), we obtain
The shape of the function as we vary the number of particles N , is left basically invariant within a characteristic length, the latter being basically the only object which varies with N . This is exactly the same as in the commutative case. As it is apparent from figure 4and 3, in the noncommutative case (β = 1) the two points correlation function of the density has an uncommon feature near the origin, because it becomes negative. * This is an effect of noncommutative deformation of the algebra of Landau levels. To * Anyhow, the quantity Ω|U [ρ(0)]U [ρ(0)]|Ω is positive due to the contact term. Remember that in (35) also exchange contributes are accounted for.
understand it in physical terms, we can do the following: we switch on a small perturbation, in the form of a two body potential
and we compute the first order perturbation on the unperturbed ground state. The result is (for simplicity we do the computation at x = 0, y =ȳ = r)
In the case of the harmonic potential V (0, r) = 1 2 r 2 , we obtain for the effective potential V(r) a shape which has a minimum at r = 0, as shown by figures 5 and 6. It means that the attraction between the particles due toV is balanced by an effective "repulsion" that is related to the loss of localization on the noncommutative plane (see also [7] ). This effect, implying a sort of granularity of the incompressible fluid described by the formalism, has been used also in a recent description of Quantum Hall effect (see the papers [8] , and references therein).
Green function
It is possible to define a noncommutative generalisation of the Green function of the usual Quantum Mechanics problem. One can define it for β = 1 in the second quantization scheme, introducing also time dependence in fieldφ (e.g. [6] )
Since the ground state |Ω is a product of energy-degenerate single-particle states, the time dependence is very simple. Indeed, besides contact terms, we have (t < t ′ )
To generalise G(x, y) to β = 1, we writê
The sum in the above expression comes from the evaluation of the average on the ground state Ω|. We see indeed that in the β → 1 limit, (37) becomeŝ
Now we can compute from (37) the functionΓ(x, y) in the general case, by using the same techniques employed before, with a slightly harder computation (see appendix for a few details); in particular we compute the generic matrix element between the states ψ lm and ψ l ′ m ′ (now set y =ȳ = 0 to display a simple expression)
where there appears the characteristic function
One can compute the expectation value of any operator F that can be written as a sum of one particle operators, by using (37) or (38) (notice that we factored out time dependence of Green function, so we keep track of the ordering, see [6] )
Further analysis of the observables of the noncommutative Landau levels will be discussed elsewhere.
Conclusions
The algebraic deformation performed in the present paper has shown itself to have interesting physical features. First of all, it has been shown that, owing to the preservation of the W ∞ -algebra, it still makes sense to speak about incompressibility. Hence the completely filled state |Ω has been shown to be still incompressible after the deformation. It has been displayed a technique for dealing with this Quantum Mechanics on Noncommutative Plane, which relies on the operatorial generalisation of Dirac δ-function (see section 3.1); as a consequence, density and Green function on the ground state have been computed: in particular the two-point correlation function of density gives us an important key for understanding the physical precise meaning of the delocalization generated by noncommutativity, which has been shown to affect the short distance behaviour of the fluid itself. Also, the long range effect has been shown to be the rescaling of the flux of magnetic field B, and consequently the rescaling of filling fraction of the ground state. More extended analysis of this problem are deferred to a following work, in particular the application to the theory of the Fractional Quantum Hall effect. Putting y = 0 we find the simplified expression (38). Of course to compute expectation values we need the more complicated matrix elements with x = y (see the text).
